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Summary of Research Activities

During the past 2 years we have had a very productive period in our research activities.
There has been a total of 15 papers published, 8 preprints which either have been accepted or have
been submitted for publication, and the PI has given 15 invited lectures all during the term of this
research grant. In addition a monograph coauthored by the PI has just been published by
Cambridge University Press summarizing the state of knowledge in this field today. A list of
papers is attached to this report. The broad lines of our research investigations and brief discussion
of the results are given below. Details may be found in the research papers.

Physically Significant Multidimensional Nonlinear Equations-Solutions
and Inverse Scattering

We have been studying a class of multidimensional nonlinear evolution equations which
can be solved by the method of the Inverse Scattering Transform (IST). Important equations
include the Kadomtsev-Petviashvili (K-P), Davey-Stewartson (D-S), 2+1 Toda, and Self-Dual
Yang-Mills (SDYM) equations. We have uncovered a number of interesting and important features
associated with each of these equations. In the K-P equation we have established the particular
form of nonlocal behavior that is needed in order to be able to solve the equation in infinite space
with decaying initial data. For D-S we show how boundary data in a governing physical problem
in which D-S is embedded as an asymptotic limit, fixes the correct boundary value problem for
D-S. Both of the above equations: K-P and D-S are nonlocal and as such allow some freedom
which requires proper analysis. For the 2+1 Toda system we have solved the appropriate initial
value and boundary value problems by the DBAR method. The DBAR method was conceived as
part of this grant eight years ago and has been employed by researchers world wide, ever since
publication. The 2+1 Toda equation requires a combination of nonlocal Riemann-Hilbert and
DBAR methods for its solution. The application of these ideas to solve boundary value problems
is significant and new.

Since the 2+1 Toda system is discrete in one of its variables, we have consequently been
able to apply the DBAR method to a partially discrete system. This paves the way for us to
understand the inverse scattering analysis of other important discrete multidimensional systems.

Our studies of the SDYM system has demonstrated that reductions of SDYM result in well
known soliton systems, classical integrable top-like systems as well as novel types of integrable
systems such as the system of ODE's discovered by Halphen in the 1880's which may be
transformed to an equation studied by Chazy (1910). The Chazy equation has a movable natural
boundary in the complex plane and consequently extends the type of behavior usually found in
integrable systems such as movable poles found in equations of the Painleve type. We have been
able to find new partial differential equations which have reductions to the Halphen and Chazy
equations and as such will have complicated behavior.

Numerically Induced Instabilities and Chaos

This avenue of research was begun by us in 1989 and has led to a number of important
research results. We have shown that different numerical discretizations of various integrable



equations, (e.g. the Nonlinear Schrodinger Equation) can lead to very different results depending
on values of the mesh size. Depending on the numerical scheme employed, we have observed
instabilities and chaotic structure. For sufficiently refined mesh size, all the schemes eventually
converge and yield consistent results and the chaos and instabilities disappear. There are deep
connections between these systems and the still burgeoning field of low dimensional chaos.
Indeed these problems can be analyzed in great detail and yield insight as to how large degree of
freedom systems can isolate particular degrees of freedom which generate the chaotic structure.
Since the underlying equations and numerical schemes are of a Hamiltonian nature, it turns out that
there are also important connections with symplectic numerical integrators which have been
intensively studied during the past few years. We have been able to find the rate at which the
chaotic structure "disappears" as the mesh is refined. Our symplectic integrators have chaotic
structure which disappears exponentially fast as compared with the usual numerical schemes in
which the chaos disappears at an algebraic rate-- of the order of the consistency of the numerical
scheme.

Forced Nonlinear Wave Equations

In recent work we have studied nonlinear equations with forcing. The forcing typically
takes the form of an external or parametric driver. In the externally forced problem we have
analyzed the Burger's equation with delta function forcing and have shown how to solve the
problem by both semi-infinite and infinite line methods. In the parametric forced problem we have
investigated a Nonlinear Schrodinger type equation with time independent parametric forcing. It
turns out that the bound states of the associated linearized Schrodinger system correspond to the
travelling wave modes (solitons) which do not decay as time increases. The remaining part of the
solution decays in time. We have recently analyzed a general physical system and have found a
new Hamiltonian amplitude equation which governs modulated unstable wave systems. All of the
above equations serve as prototypes of more general behavior in nonlinear wave equations and
arise frequently in application.

BOOKS

Solitons, Nonlinear Evolution Equations and Inverse Scattering, M.J.Ablowitz and P.A.
Clarkson, London Mathematical Society Lecture Notes Series #149, Cambridge University Press,
Cambridge England, 1991.

PUBLICATIONS

1. On Homoclinic Structure and Numerically Induced Chaos for the Nonlinear Schrodinger
Equation, M.J. Ablowitz and B.M. Herbst, SIAM J. Appl. Math., 50 (1990), 339-351.

2. Nonlinear Evolution Equations, Solitons, Chaos and Cellular Automata, M.J. Ablowitz, B.M.
Herbst, J.M. Keiser, Research Reports in Physics, Nonlinear Physics, Ed. Gu, C., Li, Y. and
Tu, G., Springer-Verlag, (1990), 166-189.

3. Nonlinear Evolution Equations, Inverse Scattering and Cellular Automata, M.J. Ablowitz,



Solitons in Physics, Mathematics and Nonlinear Optics, Springer-Verlag IMA Series, Vol. 25,
(1990), p. 1-26.

4. Painleve Equations and the Inverse Scattering and Inverse Monodromy Transforms, M.J.
Ablowitz, Solitons in Physics, Mathematics and Nonlinear Optics, Institute of Math. and its
Applications, Springer-Verlag IMA Series, Vol. 25, (1990), p. 27-43.

5. One Dimensional Reductions of Self-Dual Yang-Mills Fields and Classical Equations,
S. Chakravarty, M.J. Ablowitz, P.A. Clarkson, Phys. Rev. Lett. 65, (1990), 1085-1087.

6. Solitons, Numerical Chaos and Cellular Automata, M.J. Ablowitz, B.M. Herbst, J.M. Keiser,
Integrable Systems, World Scientific, Ed. B. Kuperschmidt, (1990), p. 46-79.

7. On Homoclinic Boundaries in the Nonlinear Schrodinger Equation, M.J. Ablowitz and B.M.
Herbst, Proc. of Workshop on Hamiltonian Systems, Transformation Groups, and Spectral
Transform Methods, Les Publications CRM, Montreal, Canada, (1990), p. 121-132.

8. On the Boundary Conditions of the Davey-Stewartson Equation, M.J. Ablowitz, S.V. Manakov
and C.L. Schultz, Phys. Lett. A, 148, (1990), 50-52.

9. On the Complete Integrability of Certain Nonlinear Evolution Equations in One and Two Spatial
Dimensions, by M.J. Ablowitz and Javier Villarroel, Proc. Conference on Chaos and Order,
Canberra, Australia,World Scientific, Ed. N. Joshi and R. Dewar (1991), Singapore.

10. Mel'nikov Analysis and Numerically Induced Chaos by B.M. Herbst
and M.J. Ablowitz, PAM #19, to be published, conference on Chaos in Australia, Sydney,
Australia (February 1990).

11. On the Kadomtsev Petviashvili Equation and Associated Constraints, M.J. Ablowitz and
Javier Villaroel, Studies in Appl. Math. 85, (1991), 195-213.

12. On the Hamiltonian Formalism for the Davey-Stewartson System, Javier Villaroel and M.J.
Ablowitz, Inverse Problems 7, (1991), 451-460.

13. One Dimensional Reductions of Self-Dual Yang-Mills Fields and Classical Equations,
S. Chakravarty, M.J. Ablowitz and P.A. Clarkson, published in Einstein's Studies Series, Vol. 4,
"Recent Advances in Relativity-- Essays in Honor of Ted Newman", Ed. Allan 1. Janis and John
R. Porter, Birkhauser Press, 1992, 60-71.

14. On Reductions of Self-Dual Yang Mills Equations, S. Chakravarty and M.J. Ablowitz,
Proceedings on Painleve Equations and their Applications, NATO Conference, 1990, PAM #62,
(September 1990).

15. Numerical Homoclinic Instabilities and the Complex Modified Korteweg-De Vries Equation,
B.M. Herbst, M.J. Ablowitz and E. Ryan, Computer Phys. Commun. 65, 1991, 137-142.



16. Forced and Semiline Solutions of Burger's Equation, by M.J. Ablowitz and S. de Lillo, Phys.
Lett. A, 156, 1991, 483-487.

17. Nonlinear Wave Propagation, Encyclopedia of Physics, 2nd Edition, 1991, Ed. R.G. Lerner,

G.L. Trigg, VCH Publishers, Inc., New York.

PREPRINTS

1. On Particles and Interaction Properties of the Parity Rule Filter Automata, by M.J. Ablowitz
and J.M. Keiser, PAM #68, (January 1990).

2. Numerical Chaos, Symplectic Integrators and Exponentially Small Splitting Distances, by B.M.
Herbst and Mark J. Ablowitz, PAM #78, (June 1991), submitted to J. Comp. Phys.

3. Exponentially Small Splitting Distances in Leapfrog Discretizations of Nonlinear Dynamical
Systems, by B.M. Herbst, Mark J. Ablowitz and J.M. Keiser, PAM #105, (September 1991).

4. On the Method of Solution to the 2+1 Toda Equation, J. Villaroel and M.J. Ablowitz,
PAM #107, (October 1991), accepted Phys. Lett. A.

8. Self-Dual Yang-Mills Equations and New Special Functions in Integrable Systems,
S. Chakravarty, M.J. Ablowitz and L.A. Takhtajan, PAM #108 (October 1991) to be publ.
proceedings NEEDS Conference, Gallipoli, Italy, July 19-29, 1991.

5. Solitons and Computation, M.J. Ablowitz and B.M. Herbst, PAM #110 (November 1991),
accepted Springer-Verlag collection on Advances in Soliton Theory by A.S. Fokas and V.B.
Zakharov.

7. Integrable Systems, Self-Dual Yang-Mills Equations and Connections with Modular Forms,
M.J. Ablowitz, S. Chakravarty and L. Takhtajan, PAM #113, proceedings Symposium on
Nonlinear Problems in Engineering and Science, Tsinghua University, Beijing, China, October
16-20, 1991.

6. A New Hamiltonian Amplitude Equation Governing Modulated Wave Instabilities,
M. Wadati, H. Segur and M.J. Ablowitz, PAM #114 (December 1991), submitted J. Phys. Soc.

Japan.

PAM: Program in Applied Mathematics Preprint



INVITED LECTURES

1. Oberwolfach, W. Germany, Jan. 13-20, 1990, "Aspects of Integrability and Chaos".

2. Workshop on Chaos and Order, Australian National University, Canberra, Australia, Feb. 1-3,
1990, "Integrability and Cellular Automata".

3. Conference on Chaos, University of South Wales, Sydney, Australia, Feb. 4-10, 1990,
"Numerically Induced Chaos".

4. University of Colorado at Denver, Mathematics Dept., Feb. 28, 1990, "Solitons and All That
Nonlinear Stuff'.

5. Conference on Recent Advances in General Relativity, University of Pittsburgh, May 3--5,
1990, "Integrability, Reductions of Self-Dual Yang Mills Fields and Classical Systems".

6. University of Georgia, Physics Department, Athens, GA, May 6--9, 1990, "Integrability,
Chaos and Patterns".

7. SIAM National Conference, Minisymposium on Inverse Scattering, "Multidimensional and
Nonlinear Evolution Equations", Chicago, Illinois, July 15--17, 1990.

8. NATO Advanced Research Workshop, Sept. 3-7, 1990, Montreal, Canada, "One Dimensional
Reductions of Self-Dual Equations".

9. Aspects of Nonlinear Dynamics: Solitons and Chaos; Brussels, Belgium, Dec. 6-8, 1990,
"Solitons, Homoclinic Orbits and Numerically Induced Chaos".

10. Southern Methodist University, Department of Mathematics, Feb. 23-25, 1991, "Solitons and
all that Nonlinear Stuff'.

11. Workshop on Nonlinear Evolution Equations and Dynamical Systems, June 24-29, 1991,
Gallipoli, Italy, "Reductions of the Self Dual Yang-Mills equations and Modular Forms."

13. NATO Advanced Scientific Workshop, July 9-18, 1991, Patras, Greece, "Solitons,
Computation and Chaos."

12. Symposium on Nonlinear Problems in Science and Engineering, Tsinghua University,
Beijing, China, Oct. 16-20, 1991, "Self-Dual Yang-Mills, Solitons and Connections with Modular
Forms".

13. Kao Corporation, Tokyo Japan, Oct. 22, 1991, "Solitons, Chaos and Cellular Automata".



14. University of Tokyo, Japan, Physics Department, "Reductions of Self-Dual Yang-Mills
Equations and Connections with Modular Forms", Oct. 23, 1991.

15. Ryukoku University, Seta, Japan, Applied Mathematics Dept., "Numerical Chaos and
Cellular Automata", Oct. 28, 1991


